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1 Introduction

Vertex Cover and Independent Set are two of the most well-studied NP-complete problems. Recall that an
independent set of a graph is a set of vertices no two of which are connected by an edge, and that a vertex
cover is a set of vertices that contains at least one endpoint of every edge (or equivalently, the complement
of an independent set). On general graphs (i. e., with unbounded degree), it is a notoriously difficult
problem even to approximate the solutions to these problems, and there is strong evidence that indeed no
good approximation is feasible. However, for graphs whose degree is bounded by a constant, significantly
better approximation guarantees are known. In this paper, we investigate whether one can obtain a tight
inapproximability result for graphs with bounded degree d as a function of d. We present a randomized
reduction from the Unique Games problem to each of these two problems, giving UG-hardness results
close to the approximation ratio of the best algorithms known. (See Section 2.1 for definitions of Unique
Games problem and UG-hardness of a problem.)

Our results

For the Vertex Cover problem, we prove:

Theorem 1.1. It is UG-hard (under randomized reductions) to approximate vertex cover in a degree d
graph within factor
loglogd

logd

2—(2+404(1))

We note that Halperin [10] presents an efficient algorithm that approximates vertex cover in a degree-d
graph within essentially the same factor, up to the value of the o,4(1) error term. This improves on the
general well-known 2-approximation ratio for graphs of unbounded degree. In general graphs, the best
current approximation algorithm, due to Karakostas [12], has an approximation ratio of 2 — Q(1/+/logn).
On the inapproximability side, Khot and Regev [16] showed 2 — & UG-hardness for any constant € > 0,
whereas Dinur and Safra [6] showed a 1.36 NP-hardness result.

For the Independent Set problem, we prove:

Theorem 1.2. It is UG-hard (under randomized reductions) to approximate independent set in a degree-d
graph within factor O(d /log? d).

This result is close to the best known algorithm for this problem that achieves O((dloglogd)/logd)
approximation (see Halperin [10], or Halld6rsson [9]). It is an intriguing question whether one can
improve the approximation algorithm, or improve on this inapproximability result (or both). Previously,
Samorodnitsky and Trevisan [21] showed d/ logo(l) d UG-hardness for the problem. (Doing optimistic
estimates, it seems the best possible result their proof could yield is d/ log*d.) The same authors, in
an earlier work [20], gave a d/ 20(VIogd) NP_hardness result. For graphs with unbounded degree, the
best algorithm known, due to Feige [7], achieves an approximation ratio of O(n(loglogn)?/(logn)?),
whereas the problem was shown to be hard to approximate within n'~¢ for any constant € > 0 by
Hastad [11] (assuming NP < ZPP). Hastad’s result has been further improved and the current best
inapproximability result is n/ p(logn)*/i+e by Khot and Ponnuswami [15] (assuming NP does not have
randomized quasi-polynomial time algorithms).
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It is interesting that we obtain a

loglogd

2—(2404(1)) logd

inapproximability result for vertex cover where even the constant in front of the (loglogd)/logd term
is optimal. Also, we remark that the earlier result of Samorodnitsky and Trevisan [21], which gave
d/ logO(l) d inapproximability for the independent set problem, requires the construction of a sophisticated
query-efficient PCP. We instead prove an improved result without relying on such a PCP.

Finally, we note that all known algorithms for the bounded degree case make no assumption that d is
constant and work also for the case d = n. In particular the best algorithms for bounded degree Vertex
Cover and Independent Set give algorithms for the general case with approximation ratios

loglogn nloglogn)

2-(2-o(1))

and O (
logn

ogn

respectively. It is natural to ask whether this is inherent, i.e., whether the approximability for the
unbounded degree case equals the approximability for the bounded degree case with the degree bound d
set to n. Using the best current algorithms for the two problems, we see that our hardness results do not
hold for d = n (unless the UGC is false). Previously known hardness results were not strong enough to
rule out this possibility.

Techniques

Showing an inapproximability result for Vertex Cover essentially amounts to showing the Independent
Set problem is hard to approximate even when the independent set is very large. For an inapproximability
ratio close to 2, this calls for showing that it is hard to distinguish between a graph with an independent
set of roughly half of the vertices, and a graph in which every independent set has negligible size.
Consequently, both our results follow from the same randomized reduction from the Unique Games
problem, albeit with different choices of parameters.

The reduction produces an n-vertex degree-d graph, which, in case the Unique Games instance was
almost completely satisfiable—the completeness case—has a large independent set. Here large refers to

< 1 loglogd
-—0 ( ) > ‘n
2 logd
for Theorem 1.1, and ®(1/logd) - n for Theorem 1.2. In contrast, if one can satisfy only a small fraction
of the constraints of the Unique Games instance—the soundness case—there is no independent set of size
even Bn for an appropriately small constant 8, where B = 1/logd for Theorem 1.1 and = ®(logd/d)
for Theorem 1.2.

The reduction proceeds in two steps: (1) the first step produces a graph G with unbounded degree and
(2) in the second step, we sparsify the graph so as to have all degrees bounded by d, yielding the final

graph G'. The sparsification step simply picks d - n edges from G at random so that the average degree
(and hence the maximum degree after removing a small fraction of edges) is bounded by d.
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The second step clearly can only increase the size of the independent set, hence the completeness
proof is fine. For the soundness proof, we must show that the size of the independent set can only be
slightly increased. We prove that if G had no independent set of size Bn, G’ does not have independent
set of size Bn either. In order to prove this, we actually need the graph G to have a stronger property. In
the soundness case, we show that not only does G have no independent set of size f3n, but we also have
a much stronger density property: every set of Bn vertices contains a I'(f) fraction of the edges for an
appropriate function I'(-). This stronger property allows us to prove the correctness of the sparsification
step by a simple union bound over all sets of size Bn.

Now, let us elaborate on the first step of the reduction. This construction is almost the same as in
Khot and Regev’s paper [16]. Their reduction produces an n-vertex graph that has no independent set of
size Bn. We show that one can in fact define an appropriate probability distribution on the edges of their
graph and prove the density property that every set of Bn vertices contains I'(f) fraction of the edges.
The analysis of this step departs from that of Khot and Regev, and is instead inspired by that of Dinur
et al. [5] for showing UG-hardness for coloring problems. The density property follows from a quite
straightforward application of a Thresholds are Stablest type theorem [19], giving precise bounds on the
function I'(-). Note that we also obtain an alternate proof of the 2 — € inapproximability result for vertex
cover that is arguably simpler than the Khot-Regev proof.

2 Preliminaries

We will consider graphs that are both vertex weighted and edge weighted. We will assume that the sum
of the vertex weights equals 1 and so does the sum of the edge weights so that the weights can be thought
of as probability distributions. For a weighted graph G and a subset of its vertices S, let w(S) denote the
weight of vertex set S and G(S) denote the induced subgraph on S. For vertex sets S and 7', let w(S,T)
denote the weight of edges between vertex sets S and 7. As a convention, an unweighted graph would
refer to a graph with uniform probability distributions over its vertices and edges.

Definition 2.1. A graph G is (8, €)-dense if for every S C V(G) with w(S) > 6, the total weight w(S,S)
of edges inside S is at least €.

2.1 Unique Games

In this section, we state the formulation of the Unique Games Conjecture that we will use.

Definition 2.2. An instance A = (U,V, E,I1, [L]) of Unique Games consists of an unweighted bipartite
multigraph G = (U UV, E), a set I of constraints, and a set [L] of labels. For each edge e € E there is a
constraint 7, € IT, which is a permutation on [L]. The goal is to find a labeling ¢ : UUV — [L] of the
vertices such that as many edges as possible are satisfied, where an edge e = (u,v) is said to be satisfied
by £if £(v) = 7, (L(u)).

Definition 2.3. Given a Unique Games instance A = (U,V, E,II, [L]), let Opt(A) denote the maximum
fraction of simultaneously satisfied edges of A by any labeling, i.e.,

Opt(A) := — max |{e: {satisfiese}|.

’E‘ LUUV (L)
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Let IndOpt(A) denote the maximum value ¢ such that there is a subset V/ C V, |V'| > o|V| and a labeling
£:UUV' — [L] such that every edge in the induced subgraph G(U UV’ E) is satisfied by the labeling £.

The Unique Games Conjecture of Khot [13] can be stated states as follows:

Conjecture 2.4. For every v > 0, there is an L such that, for Unique Games instances A with label set
[L] it is NP-hard to distinguish between

e IndOpt(A) > 1—vyand
e Opt(A) <.
Moreover A is regular, i. e., all the left (resp. right) vertices have the same degree.

This formulation of the UGC differs from Khot’s original formulation, but was proved to be equivalent
by Khot and Regev [16]. (This version is necessary for the known proofs of inapproximability of Vertex
Cover and Independent Set.)

Now we define what we mean by a problem being UG-hard. We present a definition for a maximization
problem; a similar definition can be made for a minimization problem.

Definition 2.5. For a maximization problem P, let GapP. ¢ denote its promise version where every
instance J is guaranteed to satisfy either Opt(J) > ¢ or Opt(J) < s and the goal is to distinguish between
the two. We say that Gap®P. s is UG-hard if for some y > 0 there is a polynomial time reduction mapping
Unique Games instances I" to GapP. s instances J such that

e IndOpt(A) > 1—y = Opt(J) > c and
e Opt(A) <y = Opt(J) <s.
In this case, we also say that P is UG-hard to approximate within ratio better than c/s.

Note that if the UGC holds then a problem being UG-hard is equivalent to the problem being NP-hard.

2.2 Influence, noise, and stability

For g € [0, 1], we use {0, 1}’(1q) to denote the n-dimensional boolean hypercube with the g-biased product
distribution, i. e., if x is a sample from {0, 1}’(1(]) then the probability that the ith coordinate x; = 1 is ¢,
independently for each i € [n]. Whenever we have a function f : {0, 1}?4) — R we think of it as a random
variable and hence expressions like E[f] (the expectation), Var[f] (the variance), etc., are interpreted as
being with respect to the g-biased distribution.

Definition 2.6. The influence of the ith variable on f : {0, 1}’(1q) — R is given by

i) = B Narls(o) a7

(xj)ji L i
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Definition 2.7. Let g € (0,1/2] and p € [—¢q/(1 —q),1]. The Beckner operator T, acts on functions
f£:{0,1}7, = Rby
Ty () =B/ 0],

where each bit y; of y has the following distribution, independently of the other bits: If x; = 1, then y; = 1
with probability ¢+ p(1 —g). If x; = 0, then y; = 1 with probability ¢ — pg. In other words, the joint
distribution of (x;,y;) is such that both coordinates are g-biased and that their correlation coefficient
equals p.

Throughout the paper, we will in fact only be using the case p = —g/(1 — ¢). Note that for this choice
of p, the joint distribution of (x;,y;) is as follows:

Prlxi=y;=0]=1-2g, Prlxi=0Ay;=1]=Prlx;=1Ayi=0]=¢q, Prlxi=y;=1]=0.

In particular the probability of having x; = y; = 1 equals 0.
We will use the following basic fact about the number of influential variables of 7, f.

Fact 2.8. Let f: {0, l}?’q) —Randp € [—q/(1—q),1]. Then for every T > 0, the number of i € [n] such
that
Inf;(Tpf) >t
Var|[f]

teln(1/lp])*

For a proof see e. g., Lemma 3.4 in [8]. That statement is for a somewhat different setting but the
proof in our setting is identical.

Finally, we have the notion of noise stability.

is at most

Definition 2.9. Let f : {0, I}Z’q) — Rforg<1/2,and p € [—q/(1 —q),1]. The noise stability of f at p
is given by

Sp(f) =E[f- T, f].

Alternatively, one can write S, (f) = E[f(x) f(y)], where the distribution of the pair of bits (x;,y;) is
given by Pr[x; = 1] =Pr]y;=1] =¢, and Prlx; =y, = 1] =¢q- (¢ + p(1 —q)) € [0,qg], independently for
each i.

2.3 Gaussian stability bounds
We use

21 ——o0

to denote the probability density function and cumulative density function of the standard normal
distribution, respectively, and ®~! : [0, 1] — [—oo, 0] to denote the inverse of ®.

¢(t):\/Let2/2 and ®(r) = /xt 0 (x) dx

Definition 2.10. Let p € [—1,1]. We define I', : [0,1] — [0, 1] by

Tp(p) =Pr[x <& '(u)AY <o~ ' (u)]
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where X and Y are jointly normal random variables with mean 0 and covariance matrix

(5 %)

We will use the following “thresholds are stablest” type of corollary of the MOO Theorem [19]. The
formulation that we use here is equivalent to, e. g., the formulation that is used in [1].

Theorem 2.11. For every g € (0,1/2), p € [—q/(1 —q),0) and € > 0 there exist T > 0 and & > 0 such
that the following holds for every n: let f : {0, I}E’q) — [0,1] be a function with

Inf;(Ty_sf) <7

for each i € [n]. Then
Sp(f) 2 Tp(E[f]) —e.

We will need asymptotic estimates of I', (i) for small y, in particular good lower bounds.

Lemma 2.12. For every sufficiently small i > 0 and every —1 < p < 0 it holds that

Tp(u) > %u”“*’”(l +p)*2.

Several similar estimates can be found in the literature (see, e. g., [4, 14]), but we need bounds for
the case where p is not bounded away from —1 as u tends to 0, whereas the bounds we are aware of are
stated only for fixed p € (—1,1) or p tending to 1 with u. Thus, for the sake of completeness, we now
provide a proof of the lemma.

In the remainder of this section, we use A(x) "~ B(x) to denote that the ratio between A(x) and B(x)
tends to 1 as x tends to y. In what follows we shall repeatedly use the standard bound

We use the following lemma which is well-known in the case of fixed p € (—1,1), but as with
Lemma 2.12, we are not aware of any reference for the case when p is not bounded away from —1, and
hence we also give a (straightforward but slightly tedious) proof.

Lemma 2.13. Forany —1 < p :=p(u) <0, it holds that

r "~ (140 Yo (r,/};f’j) ,

L= [ owe (tl_”pz) dx.
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t—px

\/1-p2

Since

tends to —oo as u tends to 0, we have

L' [ ot ¢< tl,,;)

S Y

<

But ¢ (x)¢ (\}%) =¢(t)¢ ( xl_f;z> and hence

() "= ¢ \/7/ <x\/ﬁ>dx. .1

px—t

Let us denote the integral in (2.1) by f(u). Performing the change of variables y = (x — pt)/+/1 — p2,
we can simplify and obtain

1-p

_ [V o) _ [ ()
f(u)_/y—w Py—t\/l—pzdy_ hewpy—r(15p) "

where we defined /' =7+/(1 —p)/(1+ p). We will show that f(u) o~ —®(1") /1. Tt is easy to see that
this is an upper bound on f(u) (by using the lower bound on the denominator given by y =1t'), so let us
focus on the lower bound.

Pick € > 0. We then have

y=t' o(y) O(t')—d('(1+¢))
f) = /y—t/(1+£) py—(1+p)t’ = —'(1—pe)

Using the fact that for & > 1 and sufficiently small x, ®(ax) < ®(x)%, we see that

11— o)
l-pe -t~

flp) >

As € > 0 was arbitrary it follows that f(u) 2 —®(¢') /' (using that since ¢’ < ¢, — —oo as 1 — 0).

Plugging this into (2.1), we obtain

Tp(w) "~ —o(0)/1—p2o(r') /i = ( 1+p>¢() (r,/;g)

which concludes the proof. O
We are now ready to prove the lower bound on I'p ().
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Proof of Lemma 2.12. Lemma 2.13 implies that

o 0 FE) LT (90 ey i

I ~ — P
p (1) W —p \ =

where the first inequality used the bound —¢(¢) /¢t > ®(¢) = p and simply discarded the last factor as it is
larger than 1, and the second inequality used that 1/(1 — p) > 1/2. It follows that for sufficiently small

i,

Tp () > gu?/050)(14p)*".

3 Main theorem

In this section, we give the main theorem upon which our results are based.

Theorem 3.1. Fix g € (0,1/2) and € > 0. Then for all sufficiently small y > 0, there is an algorithm
which, on input a Unique Games instance A = (U,V,E,I1,L) outputs a weighted graph G with the
following properties:

e Completeness: If IndOpt(A) > 1 — v, G has an independent set of weight g — Y.

e Soundness: If Opt(A) <y and A is regular, then G is (B,I'y(B) — €)-dense for every B € [0,1],
where p = —q/(1 —q).

Furthermore, the weight of every vertex in G is proportional to the sum of weights of its incident edges.
The running time of the algorithm is polynomial in |U|, |V|, |E| and exponential in L.

> >

Proof. Letv:{0,1}?> — R be the probability distribution on {0, 1}? such that Pr[x; = 1] =Pr[x, = 1] = ¢,
and Pr[x; = x, = 1] = 0. Note that this distribution is exactly the joint distribution of two coordinates
(xi,y:) in the Definition 2.9 of S, (f) for p = —¢q/(1 —q).

For a string x € {0, 1}% and permutation 7 on [L], let x o 7 denote the string in {0, 1}* where the ith
coordinate is xz ;).

The reduction is as follows: the vertex set of G is V x {0, 1}L. To describe the edges, we describe
how to sample a random edge of the graph (the probability distribution induced on pairs of vertices of G
by this sampling procedure give the weights of the edges):

1. Pick a uniformly random vertex u € U and two independent uniformly random edges e; = (u,v;),
e> = (u,v2) incident upon u.

2. Pick random x,y in {0, 1}* where each pair of coordinates (x;,y;) is sampled from v, independently.
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3. Output edge between (vi,xo 7, ') and (v2,yo 7, ").

Let the weight of a vertex (v,x) be 1/|V| times the probability mass of x € {0, 1}(Lq) under the g-biased
distribution. Thus the sum of all vertex weights equals 1. Note also that the marginal of the the distribution
v(-,-) (used to define the weights on edges) on either coordinate is the g-biased distribution on {0, 1}
(used to define the weights on vertices). Therefore, the weight of every vertex is exactly 1/2 times the
sum of the weights of the edges incident on it.

It is clear that the running time of the reduction is as stated, so it remains to see that the reduction has
the desired completeness and soundness properties.

Completeness Suppose there is a subset V/ C V with relative size 1 —y and a labeling ¢ : U UV’ — [L]
that satisfies every edge between U and V' in the Unique Games instance A.
Consider the set of vertices S = { (v,x) : v € V', x4,y = 1 } CV(G). Its weight is

w(S)>(1-y)-g>q-7.

We claim that S is an independent set. To see this, assume for contradiction that G has an edge
between (v,x) € S and (v2,y) € S. Then there is a u € U and edges e; = (u,v1), e2 = (u,v2) such that
E(V}) = T, (ﬁ(u)) and E(VZ) = T, (ﬁ(u)) But then V(xnel (g(u)),y,rgz(g(u))) = V(xf(vl),Xg(vz)) = V(l, 1) =0,
contradicting the assumption that (vi,x) and (v,,y) are connected by an edge in G.

Soundness Fix an arbitrary S C V(G) and let B = w(S). We will prove that if w(S,S) is even slightly
smaller than I'y (), then Opt(A) must be significantly large. For this part, let Ex () denote the set of
neighbors of u in A.

ForveV,letS,: {0, 1}(Lq) — {0, 1} be the indicator function of S restricted to v, i.e., S,(x) = 1 if

(v,x) € S, and S,(x) = 0 otherwise. For u € U, define S, : {0, 1}, — [0,1] by

Su(x) = E [Sy(xom, ).

e=(u,v)€EA(u)

Now, the weight w(S,S) can be written as

W(S7 S) - MIGEU |:(X7)’)I§v®L[Svl ()C © 7-[;11 )SV2 (y ° n;zl )]
e1,e2€EA (u)
= E |ES, u
E [Esms.0]
= E 1
uEU[Sp(SM)L (3.1
where p := p(gq) = —q/(1 — q) (since this is the correlation coefficient between the bits x; and y; under

the distribution V).
Let w, = E,[S,(x)]. The regularity of A implies that

E [.uu}:[}'

uclU
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Suppose that for a fraction > 1 — /2 of all u € U it is the case that S, (S,) > I'p (i) — €/2. If this holds,
we have that

w(S.8) > E [Cp(th)] — & > Tp(Eft)) — £ =Tp(B) —e, (3.2)

uclU

where the second inequality follows from the fact that I', is convex.!

Hence, if w(S,S) <T'p(B) — €, there must be a set U* C U of size at least |[U*| > €|U|/2, such
that for every u € U* it holds that S, (S,) < IT'p(u,) — €/2. By Theorem 2.11 (with parameters ¢, p(g)
and /2, applied to the function S,) we conclude that for each u € U* there exists an i € [L] such that
Inf; (7} _§S,) > 7 for some 7 > 0, & > 0 depending only on g and €. Since S, is the average of functions
{S, | e = (u,v) € Ex(u)} (via appropriate 7,), for at least 7/2 fraction of neighbors v of u, there must
be j = j(u,v) € [L] such that (i) = j and Inf;(7;_sS,) > 7/2 (here we used the well-known fact that
Inf;(-) is convex).

Now, define for every v € V, a candidate set of labels to be the set of all b € [L] such that
Inf,(7;_gS,) > 7/2. By Fact 2.8, this set has size at most

1
Teln(1/(1-8))

Finally, pick one label at random from this set to be the label of v € V, and for every u € U, let its label
be the projection of the label of a randomly selected neighbor.

To analyze the value of this labelling, let u € U* and let i € [L] be a label such that Inf;(7}_5S,) > 7.
As mentioned above, for a 7/2 fraction of edges e = (u,v) € A(u) we have Infy ;) (T1_5(Sy)) > 7/2. Thus,
for a random edge e = (u,v) € A(u), the probability that v is assigned the label 7, (i) is Q(7?In(1/(1—§)))
(since each of the 7/2 fraction of “good” neighbors has a Q(71ln(1/(1— J))) probability of getting the
right label). Note that this is also the probability that u gets the label i.

As U™ constitutes an € fraction of U, it follows that this randomized labeling satisfies, in expectation,
atleast Q (e7*In*(1/(1— §))) fraction of the edges of the Unique Games instance. This is a contradiction
if the soundness 7y of the Unique Games instance was chosen to be sufficiently small to begin with. [J

4 Post-processing

Note that in the soundness case of Theorem 3.1, we obtain a graph that is (8,15 () — €)-dense. In
particular, there is no independent set of weight 8 as long as I'; () > €. The graph is both vertex-
weighted as well as edge-weighted. In this section, we show that we can make the graph unweighted (in
other words, weights are uniform) and then sparsify it so that the degree is bounded by d, preserving the
maximum size of the independent set during the process. In particular, we have:

Theorem 4.1. For every sufficiently small B > 0 and every q € (0,1/2) it is UG-hard (under randomized
reductions) to distinguish graphs with an independent set of size q — B from graphs with no independent
set of size 23, even on graphs of maximum degree 3231og(1/B)/T'»(B), where p = —q/(1 —q).

ISee, e. g., the full version of [1]—the definition of T p there differs slightly from the one used here, but only by an affine
transformation of the input argument, and this does not affect convexity.
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Proof. We begin with applying Theorem 3.1 with parameter € =", (f3)/2 and y = B, giving a weighted
graph Gy. In the completeness case, Gy has an independent set of size ¢ — ¥ = g — 3. In the soundness
case,

1. Gois (B',I'p(B’) —€)-dense for every B’ € [0, 1].
2. The sum of weights of edges incident upon any vertex is proportional to the weight of that vertex.

The process of converting Gy to a graph of bounded degree with similar properties is done in three
steps.

Step 1: Removing vertex and wdge weights First we remove the vertex weights. Without loss of
generality, we may assume that each edge weight w(e) is of the form w'(e) /W for some integers w'(e)
and W, and similarly for the vertex weights. To achieve this, let W = poly |V (Gy)| be large enough and
round the edge weights accordingly. Then update the vertex weights so that they are still proportional
to the weight of incident edges. This rounding can cause a difference of order poly |V (Gy)|/W in the
weights of vertex and edge sets, but this arbitrarily small error is easily handled by making € and v slightly
smaller in the invocation of Theorem 3.1.

We replicate every vertex so that the number of its copies is proportional to its weight. If {u;}!_, and
{v;}j=, are copies of vertices u and v respectively, and (u,v) is an edge of the original graph, then we
introduce an edge between every pair (u;,v;) and distribute the weight of the edge (u,v) evenly among
the new r- s edges. Call the new graph Gj,.

We claim that if the original graph Gy is (B’,T»(B’) — €)-dense for every B’ € [0, 1], then so is Gy,
To see this, consider a subset S’ of vertices of G}, and construct a random subset S of vertices of Gy where
if a 6 fraction of the copies of v are included in S, we include it in S with probability 8, independently.
Note that E[w(S)] = w(S’) and that E[w(S,S)] = w(5',S"). Hence,

w(S',S') = Efw(S,5)] > E[Lp(w(S)) — €] > Tp(Ew(S)]) — € = Tp (w(S")) — ¢,

where the first inequality used that G is (B’,Ip(B’) — €)-dense for every B’ € [0,1], and the second
inequality used the convexity of I, as in (3.2).

Property (2) of Gy implies that in G}, the weight of edges incident on every vertex is exactly the same.
We now remove edge weights, by simply replacing each edge by a number of parallel edges proportional
to its weight. This yields an unweighted graph G| with the same density properties as G{, except that it is
unweighted and regular (though its degree is unbounded).

From now on, the only density property of G| that we will use is that, in the soundness case, G is

(B.Tp(B)/2)-dense.

Step 2: Sparsification Let n be the number of vertices of the graph G| constructed in the previous
section. We now construct a new graph G, by picking dn edges of G| at random (with repetition). If G,
is (B, ov)-dense (in our application, o = I'y(f3)/2), then the probability that G, has an independent set of
size Bn is bounded by

n
1— dn ~ n(2BIn(1/B)—do)
() 1" < |
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so that if d > w (say, d =4 log(1/B)/a), with high probability G, does not have any independent
set of size Bn.

Step 3: Small average degree to bounded degree In the sparsification step, we pick dn edges of G|
at random. This yields a graph G, with average degree 2d. Call a vertex bad if it has degree more than
4d. It can be easily shown, using the regularity of G| and Chernoff bounds, that the probability of a
vertex being bad is 27?9 and hence with constant probability the fraction of bad vertices is at most
279 In our choice of parameters, we have that 2~?(@) = gB/Tx(B) = BL1/B) « B (where the last
equality used that for p < 0 we have I, () < 82). We remove all edges of G, that are incident upon
a bad vertex, giving a graph Gs. It is clear that the maximum degree of G3 is bounded by 4d, that the
independence number of G is at least that of G, and that, with constant probability the independence
number of G5 is at most 27*(¢) larger than that of G,. In particular, if Gy was (8,T,(B)/2)-dense, then
with constant probability it holds that G3 does not contain any independent set of size 23, whereas if Gy
had an independent set of weight ¢ — 3, then so does Gj3.

This concludes the proof of Theorem 4.1. 0

5 Choice of parameters

In this section, we show how to choose the parameters appropriately, so as to achieve Theorems 1.1 and
1.2.

5.1 Vertex cover

We will use Theorem 4.1 with parameters chosen as follows. Let ¢ = 1/2 — §, where 6 is chosen so that

(26)"! logd

- loglogd ¢

for a sufficiently large constant ¢ (e. g., ¢ = 10 suffices) and B = 1/logd. The inapproximability we get
for Vertex Cover is then

1-28  2-4 B loglogd
B - 112513 <248+ 0(B+8%) =2—(2404(1)) ogd

in graphs with maximum degree 32 log(1/f)/Tp(B). It remains to see that this maximum degree is at
most d. Using Lemma 2.12 to approximate I'y (), we have that

0

32 ,
S BHtigie
1+25) Z B0

1 1
p(B) > L0911 4 )2 —ap
The maximum degree is then bounded by

32log(1/B)

B1/(28)§3/2 =d-(logd) “-polylogd,

which is at most d if c is a sufficiently large constant.
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5.2 Independent set

For Independent Set, we use Theorem 4.1 with the following choices of parameters: ¢ = ®(1/logd) and
B = 0O(logd/d). We then get a hardness of approximating Independent Set within

qz_ﬁﬁ -0 <1o:2d> ’

in graphs of maximum degree 32 log(1/B)/T'»(B). Again using Lemma 2.12 to estimate this quantity,
we have

Ty (B) > 5B%/17) (1.4 p)*/2 = p+00/ 120 @(1) = B(B?).
Hence, the maximum degree is at most

32B log(1/B) S®<I<>g<1/ﬁ>>.

Ir(B) B

Making sure that f3 is a sufficiently large multiple of log(d)/d, we see that the maximum degree becomes
bounded by d.

6 Concluding remarks

It would be interesting to determine whether our methods can also yield tight results for the Vertex Cover
problem in bounded degree k-uniform hypergraphs. Here the best algorithm, by Halperin [10], has an
approximation ratio of

loglogd

k—k(k—1)(14+04(1)) logd

The crux of the matter would be to find a suitable probability distribution on {0, 1}* with small “correlation”
(in the sense of [18]).

Another interesting open question is the approximability of Vertex Cover (and Independent Set) in
degree-d-bounded graphs for small, concrete values of d (whereas our results are asymptotic in d). For
instance, what is the approximability of Vertex Cover in cubic graphs? It seems that answering this
question would require new ideas.

In independent and subsequent papers, Bansal and Khot [2, 3] gave new hardness results for Vertex
Cover in graphs (and hypergraphs, though we’ll restrict attention to graphs for this discussion). Their
results are stronger in that, in the Yes case, the graphs are almost bipartite. However, their results are
weaker in that, in the No case, they do not get the strong density property that we crucially rely on. (In
the first paper they get no density at all and in the subsequent paper they get some density bound but it is
not clear whether this density is enough to yield the tight inapproximability that we get.)

In a recent manuscript, Kumar et al. [17] give hardness results and algorithms for a large class of
problems called strict-CSPs, which contains both the Vertex Cover and Independent Set problems. They
relate the approximability to the integrality gap of a certain canonical linear programming relaxation.
In their result, the approximation ratio of both the algorithm and the hardness result have a common
explanation—the existence of an integrality gap. In our result on the other hand, the matching ratios for
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Vertex Cover appear somewhat accidental (even though both appear because of certain normal distribution
estimates). However, the results of [17] do not yield anything for bounded-degree graphs and it is
somewhat doubtful whether this can be done. Specifically, Halperin’s algorithm for bounded-degree
Vertex Cover uses (and appears to need) the additional power of semidefinite programming so it is quite
possible that the integrality gap for the linear program does not capture the optimal approximation ratio
for the bounded-degree case. In general, it remains an interesting open question to come up with a
characterization which captures approximability of (strict or non-strict) constraint satisfaction problems
in the bounded occurrence setting.

6.1 Acknowledgments

We are grateful to the anonymous referees for their many helpful comments.

References

[1] PER AUSTRIN: Balanced Max 2-Sat might not be the hardest. In Proc. 39th STOC,
pp- 189-197. ACM Press, 2007. Full version available as ECCC Report TR06-088.
[doi:10.1145/1250790.1250818] 33, 37

[2] NIKHIL BANSAL AND SUBHASH KHOT: Optimal long code test with one free bit. In Proc. 50th
FOCS, pp. 453-462. IEEE Comp. Soc. Press, 2009. [doi:10.1109/FOCS.2009.23] 40

[3] NIKHIL BANSAL AND SUBHASH KHOT: Inapproximability of hypergraph vertex cover and
applications to scheduling problems. In Proc. 37th Intern. Colloq. Autom. Lang. Program. (ICALP),
number 6198 in Lecture Notes in Comput. Sci., pp. 250-261. Springer, 2010. [doi:10.1007/978-3-
642-14165-2_22] 40

[4] ETIENNE DE KLERK, DMITRII V. PASECHNIK, AND JOOST P. WARNERS: On approximate graph
colouring and MAX-k-CUT algorithms based on the ¥-function. J. Comb. Optim., 8(3):267-294,
2004. [doi:10.1023/B:JOCO.0000038911.67280.3f] 33

[5] IRIT DINUR, ELCHANAN MOSSEL, AND ODED REGEV: Conditional hardness for approximate
coloring. SIAM J. Comput., 39(3):843-873, 2009. [doi:10.1137/07068062X] 30

[6] IRIT DINUR AND SHMUEL SAFRA: On the hardness of approximating minimum vertex cover. Ann.
of Math., 162(1):439-485, 2005. [doi:10.4007/annals.2005.162.439] 28

[7] URIEL FEIGE: Approximating maximum clique by removing subgraphs. SIAM J. Discrete Math.,
18(2):219-225, 2004. [doi:10.1137/S089548010240415X] 28

[8] VENKATESAN GURUSWAMI, RAJSEKAR MANOKARAN, AND PRASAD RAGHAVENDRA: Beating

the random ordering is hard: Inapproximability of maximum acyclic subgraph. In Proc. 49th FOCS,
pp. 573-582. IEEE Comp. Soc. Press, 2008. [doi:10.1109/FOCS.2008.51] 32

THEORY OF COMPUTING, Volume 7 (2011), pp. 27-43 41


http://dx.doi.org/10.1145/1250790.1250818
http://dx.doi.org/10.1109/FOCS.2009.23
http://dx.doi.org/10.1007/978-3-642-14165-2_22
http://dx.doi.org/10.1007/978-3-642-14165-2_22
http://dx.doi.org/10.1023/B:JOCO.0000038911.67280.3f
http://dx.doi.org/10.1137/07068062X
http://dx.doi.org/10.4007/annals.2005.162.439
http://dx.doi.org/10.1137/S089548010240415X
http://dx.doi.org/10.1109/FOCS.2008.51
http://dx.doi.org/10.4086/toc

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

PER AUSTRIN, SUBHASH KHOT, AND MULI SAFRA

MAGNUS M. HALLDORSSON: Approximations of weighted independent set and hereditary subset
problems. In Proc. 5th Ann. Intern. Conf. Comput. Combin. (COCOON), volume 1627 of Lecture
Notes in Comput. Sci., pp. 261-270. Springer, 1999. [doi:10.1007/3-540-48686-0_26] 28

ERAN HALPERIN: Improved approximation algorithms for the vertex cover problem in graphs and
hypergraphs. SIAM J. Comput., 31(5):1608-1623, 2002. [doi:10.1137/S0097539700381097] 28, 40

JOHAN HASTAD: Clique is hard to approximate within n'~¢. Acta Math., 48(4):105-142, 1999.
[doi:10.1007/BF02392825] 28

GEORGE KARAKOSTAS: A better approximation ratio for the vertex cover problem. In Proc. 32nd
Intern. Collog. Autom. Lang. Program. (ICALP), number 3580 in Lecture Notes in Comput. Sci.,
pp- 1043-1050. Springer, 2005. [doi:10.1007/11523468_84] 28

SUBHASH KHOT: On the power of unique 2-prover 1-round games. In Proc. 34th STOC, pp.
767-775. ACM Press, 2002. [doi:10.1145/509907.510017] 31

SUBHASH KHOT, GUY KINDLER, ELCHANAN MOSSEL, AND RYAN O’DONNELL: Optimal
inapproximability results for MAX-CUT and other 2-variable CSPs? SIAM J. Comput., 37(1):319—
357,2007. [doi:10.1137/S0097539705447372] 33

SUBHASH KHOT AND ASHOK KUMAR PONNUSWAMI: Better inapproximability results for
maxclique, chromatic number and Min-3Lin-Deletion. In Proc. 33rd Intern. Collog. Autom. Lang.
Program. (ICALP), number 4051 in Lecture Notes in Comput. Sci., pp. 226-237. Springer, 2006.
[doi:10.1007/11786986_21] 28

SUBHASH KHOT AND ODED REGEV: Vertex cover might be hard to approximate to within 2 — €.
J. Comput. System Sci., 74(3):335-349, 2008. [doi:10.1016/.jcss.2007.06.019] 28, 30, 31

AMIT KUMAR, RAJSEKAR MANOKARAN, MADHUR TULSIANI, AND NISHEETH K. VISHNOTI:
On the optimality of a class of LP-based algorithms, 2009. [arXiv:0912.1776v1] 40, 41

ELCHANAN MOSSEL: Gaussian bounds for noise correlation of functions and tight anal-
ysis of long codes. In Proc. 49th FOCS, pp. 156-165. IEEE Comp. Soc. Press, 2008.
[doi:10.1109/FOCS.2008.44] 40

ELCHANAN MOSSEL, RYAN O’DONNELL, AND KRZYSZTOF OLESZKIEWICZ: Noise stability of
functions with low influences: Invariance and optimality. Ann. of Math., 171(1):295-341, 2010.
[doi:10.4007/annals.2010.171.295] 30, 33

ALEX SAMORODNITSKY AND LUCA TREVISAN: A PCP characterization of NP with op-
timal amortized query complexity. In Proc. 32nd STOC, pp. 191-199. ACM Press, 2000.
[doi:10.1145/335305.335329] 28

ALEX SAMORODNITSKY AND LUCA TREVISAN: Gowers uniformity, influence of variables, and
PCPs. In Proc. 38th STOC, pp. 11-20. ACM Press, 2006. [doi:10.1145/1132516.1132519] 28, 29

THEORY OF COMPUTING, Volume 7 (2011), pp. 27-43 42


http://dx.doi.org/10.1007/3-540-48686-0_26
http://dx.doi.org/10.1137/S0097539700381097
http://dx.doi.org/10.1007/BF02392825
http://dx.doi.org/10.1007/11523468_84
http://dx.doi.org/10.1145/509907.510017
http://dx.doi.org/10.1137/S0097539705447372
http://dx.doi.org/10.1007/11786986_21
http://dx.doi.org/10.1016/j.jcss.2007.06.019
http://arxiv.org/abs/0912.1776v1
http://dx.doi.org/10.1109/FOCS.2008.44
http://dx.doi.org/10.4007/annals.2010.171.295
http://dx.doi.org/10.1145/335305.335329
http://dx.doi.org/10.1145/1132516.1132519
http://dx.doi.org/10.4086/toc

INAPPROXIMABILITY OF VERTEX COVER AND INDEPENDENT SET IN BOUNDED DEGREE GRAPHS

AUTHORS

Per Austrin

University of Toronto, Canada
austrin@cs.toronto.edu
http://www.cs.toronto.edu/~austrin

Subhash Khot

New York University, USA
khot@cs.nyu.edu
http://cs.nyu.edu/~khot/

Muli Safra

Tel-Aviv University, Israel
safra@post.tau.ac.il
http://www.cs.tau.ac.il/~safra/

ABOUT THE AUTHORS

PER AUSTRIN graduated from KTH — Royal Institute of Technology in Sweden, 2008; his
advisor was Johan Hastad. His thesis focused on hardness of approximation for constraint
satisfaction problems with connections to discrete harmonic analysis.

SUBHASH KHOT is an Associate Professor in the Computer Science Department at New
York University, part of the Courant Institute of Mathematical Sciences. He completed
his Ph. D. in the summer of 2003 at the Princeton CS Department under the supervision
of Prof. Sanjeev Arora. He was in Princeton for another year as a member of School
of Mathematics, IAS and then an Assistant Professor at the College of Computing at
Georgia Tech during Fall *04-Summer "07.

MULI SAFRA is a Professor of Computer Science at Tel Aviv University. He has a Ph. D.
from the Weizmann Institute, completed in 1990 under the supervision of Amir Pnueli.
He is one of the recipients of the 2001 Godel Prize.

THEORY OF COMPUTING, Volume 7 (2011), pp. 27-43 43


http://www.cs.toronto.edu/~austrin
http://cs.nyu.edu/~khot/
http://www.cs.tau.ac.il/~safra/
http://www.kth.se
http://www.csc.kth.se/~johanh/
http://www.cs.princeton.edu/~arora/
http://www.math.ias.edu
http://www.math.ias.edu
http://www.ias.edu
http://www.tau.ac.il/
http://www.weizmann.ac.il/
http://dx.doi.org/10.4086/toc

	Introduction
	Preliminaries
	Unique Games
	Influence, noise, and stability
	Gaussian stability bounds

	Main theorem
	Post-processing
	Choice of parameters
	Vertex cover
	Independent set

	Concluding remarks
	Acknowledgments

	References

