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Abstract: LetS=ar; +ayr+---+ayr, be a weighted Rademacher sum. Friedgut, Kalai,
and Naor have shown that if Var(|S|) is much smaller than Var(S), then the sum is largely
determined by one of the summands. We provide a simple and elementary proof of this
result, strengthen it, and extend it in various ways to a more general setting.
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1 Introduction

Consider a family of independent random variables (X;)?_,. It is easy to prove that if the distribution of
their sum is supported on a set of cardinality 2, then all the X;’s but one are constant almost surely. In our
paper we investigate stability of this phenomenon. Namely, we prove that if the distribution of the sum is
concentrated around a two-point set, then there exists k € {1,2,...,n} such that };.;+; X; is concentrated
around some point. We provide various strict quantitative variants of this heuristic statement. One of
them is the following theorem:

Theorem 1.1. Let T > 1. Let (X;)!_| be a sequence of independent square-integrable random variables.
Assume that Var(X;) < ©- (E|X; — EX;|)? for 1 <i < n. Then for some k € {1,2,...,n} we have

Var( Z Xi>§K(7)-ianar<‘x+ZXi

).
i<mi#k x€R i<n

where K(7) is a constant which depends only on .
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Note that always Var(X;) — (E|X; — EX;|)* = Var(|X; — EX;|) > 0, with equality only when X; is either
constant almost surely, or uniformly distributed on a two-point set. For such X;’s, the comparison of
moments assumption is thus satisfied with 7 = 1. In a sense, the closer 7 is to one, the more ) ; X; must
resemble a (shifted) weighted Rademacher sum.

This result for weighted Rademacher sums (i. e., in the case when for each i the random variable X;
is symmetric and takes values +a;, where ay, as, ..., a, are some real numbers) was proved in [4] by
E. Friedgut, G. Kalai, and A. Naor, and was a part of the proof of their theorem on Boolean functions on
the discrete cube with Fourier coefficients concentrated at the first two levels.

FKN Theorem ([4], Theorem 1.1). There exists an absolute constant K such that for any

fA-L1" = {-1,1}  and p= | |f(A)P
IA[>2

one of the following holds:

||f(x1,x2,...,xn)—1||2SKp, or

If (x1,22,...,x0) + 12 < Kp, or

Ilf (x1,x2,. .., xn) —xi||2 < Kp for some i € {1,2,...,n}, or
Il f (x1, %2, .., xn) +xi||2 < Kp for some i € {1,2,...,n}.

(1.1)

Remark 1.2. Note that (1.1) can be equivalently formulated as follows.  P(f # 1) < K?p?/4 or
P(f # —1) < K*p?/4, or P(f(x) # x;) < K*p?/4 for some i, or P(f(x) # —x;) < K*p? /4 for some i.

They gave two proofs of the result concerning Rademacher sums. One was a direct application
of a theorem of Konig et al. [7]. The other used a more elementary approach (Chernoff’s inequality),
but contained an omission—it worked only under the additional assumption that we already know that
Var(X;) > CVar(Y; X;) for some C close to 1. This minor gap is well known by now as well as some
ways to fix it, for example by the use of the Berry—Esseen theorem—in fact, it has been fixed already by
Kindler and Safra [6], whose proof also yielded better asymptotic estimates than [4]. (Although [6] was
not formally published, as far as we know, it was widely circulated; the proof appeared also in Kindler’s
Ph. D. thesis [5].) The FKN theorem is a direct application of the above variance bound for Rademacher
sums. It was originally devised for applications in discrete combinatorics and social science, but turned
out to be useful also in theoretical computer science. In particular, the theorem is used in analyzing the
Long Code Test in the celebrated expander proof of the PCP theorem by Irit Dinur ([3]). With that in
mind, we hope that our easy, self-contained proof will simplify understanding of the PCP theorem’s
background. Hence we set out to give an elementary proof of Theorem 1.1 for weighted Rademacher
sums which does not refer to intricate results such as the Berry—Esseen inequality, [7], [2] or [1] (a proof
based on the Bonami—Beckner hypercontractive bounds was also known).

We think it is also interesting (although not very surprising) that the inequality still holds if we replace
the Rademacher variables by variables satisfying a moment comparison condition. Note that, in contrast
to the weighted Rademacher setting described above, in our results the sums do not need to be linear
combinations of an i. 1. d. sequence (however, in the discrete cube setting we actually prove a stronger,
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and essentially optimal, FKN type estimate in Theorem 5.3 by the use of yet another method; Ryan
O’Donnell obtained the same bound independently by a slightly different approach—see [11, Theorem
5.33)).

We also provide the following analogous result for symmetric random variables with no additional
assumption about moment comparison.

Theorem 1.3. Ler (X;)!_, be a sequence of independent symmetric square-integrable random variables.
Then for some k € {1,2,..., n} we have

Var< Z Xi> <C- ianar(‘x—i— ZXZ-
i<n
where C is a universal constant. The result holds true with C = (7++/17) /2.

i<m:ik x€R

For the sake of clarity, we start by showing in Section 2 that if a sum of independent random vectors is
concentrated around a two-point set, then by removing just one term we may make the sum of remaining
vectors concentrate around a single point. Then, in Section 3, we demonstrate how to use this observation
in the real-valued case. However, our results and methods can be quite easily adapted to a Banach space
setting, with concentration around a finite set of points, which leads to some nice geometric considerations.
We present them in Section 6. Only very basic knowledge of Banach space theory is needed, which can
be found, e. g., in [15].

Since we tried to make our proofs as transparent and “low-tech” as possible, in many cases our
estimates can be easily improved upon some natural optimization.

Readers interested only in the Rademacher case may find it useful to restrict their attention to Section 4,
in which Theorem 1.3 is proved, and first two subsections of Section 5, in which the strengthening of the
FKN Theorem is described.

2 Splitting of the sum

We begin by analyzing the concentration in terms of probability rather than variance. In what follows, we
denote by 7 the distribution of a random variable Z. Readers not comfortable with the Banach space
formulation may simply replace V by R, and || - || by | -|.

Lemma 2.1. Let X, Y be independent random variables with values in a real separable Banach space V.
Assume that for 6 > 0 and a,b € V we have

P(|X+Y —a|| <eor|X+Y—-b||<e)>1-9, 2.1
where 0 < € < ||b—al| /6. Then there exists some vector ¢ € V such that
P(|X—c||>€e) <VE+8orP(|[Y —c|>€) <VE+6.
Proof. Letv=>b—aand

Ay={xeV:|x+y—a| <etU{xeV:|x+y—>b| <e}
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for y € V. Then from (2.1) and independence of variables by the Fubini theorem we get

1=6< [ L @) = [ e (4)dur ().
so in particular piy (A,) > 1 — 8 for some y € V, which means
dep,c€Viep—c1=v:P(| X —cy]| <eor || X —c|| <€) >1-6.
Similarly we prove that
Ady,dr €V,dy—dy =v:P(|Y —di|| <€or||[Y —dy|| <€) >1-6.
Leta =P (X —c || <), B=P(|X —cal| <e), y = P(|Y —di[| < ), 1 = P(|Y —ds | < &). Thus

P(IX+Y) = (c1+d1)[| <2¢) > ay,
P(IX+Y)—(c2+d2)[| <2¢) = Bn.

Let B(x, r) denote the closed ball with center x and radius . If o, 7, 8,1 > /8, then oy, fn > 8, and
(2.1) would imply that

B(cy+dy,2e)N(B(a,e)UB(b,e)) #0 and B(cy+da,2¢)N(B(a,e)UB(b,€)) #0.

Since (c2+dy) — (c1 +dy) = (c2 — ¢1) + (da — dy) = 2v, the diameter of B(a, &) UB(b, &) would satisfy
the inequalities
2||v|| — 4e < diam(B(a,e) UB(b,€)) < ||v|| +2¢,

contradicting the assumption € < [|v|| /6.
Without loss of generality we may therefore assume that ot < /8. Since o+ > 1 — 8, this implies
B>1-V8-6,i.e,P(|X —c2] >€) <V5+86. O

Lemma 2.2. Let X1,X>,...,X, be independent random variables with values in a separable Banach

spaceV. Let S=X|+---+X,, S; =S —X; for 1 <i<n. Assume that for 6 > 0 and some vectors a,b €V
we have

P(|S—al| <€or||S—b| <e)>1-38, (2.2)

where € < ||b—al| /6. Then there existk € {1,...,n} and ¢ €V such that
P(||S;—c|| >2&) <2(V6+8)=0(V8)as § — 07,
Additionally, if 6 < 1/9, then

P(|[ X — (a—c)|| > 3 and | X¢ — (b—c)|| > 3€) < /(1 —2V/5 —28) = O(8) as & — 07
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Proof. Let I be a minimal (in the sense of inclusion) subset of {1,...,n} such that
VcGV:P( Y Xi—c >8> >V6+86
icl

(if there is no such I, there is nothing to prove). Of course [ # 0. Let k € I. We have § = Yic Xi + Yig/ Xi,
and the two sums are obviously independent, so by our assumption about /, (2.2) and Lemma 2.1, for
some c; € V we get

]P’( Y Xi—c >e>gx/3+5. (2.3)
i¢l
But / was minimal, so for some ¢; € V
IP>< Y Xi—co >e)§\/3+6. (2.4)
iel\{k}

Sk = Ligr Xi + Lien\ (k) Xi» so that (2.3), (2.4) and the triangle inequality yield
P(||Sk— (c1 +¢2)| > 2€) <2(VE+8).

The second assertion of the lemma follows easily upon recalling that Sy and X; are independent and
S =S+ X

(1-2V8—28) - P(| Xk — (a—c)|| > 3e and || X — (b —c)|| > 3¢)
P([|Sk—c|| <2eand || Xk — (a—c)|| > 3e and || Xx — (b—c)| > 3€)

<
<P(|S—al>€and ||S—b|]| >¢€) <6.

For § > 1/9 we have 1 —2v/8 —28 < &, which makes the arising probability bound trivial. O

Remark 2.3. Both bounds are of optimal order for § — 0" even for V = R, as indicated by the following
example. Fixa=0,b =1, € = 1/7 and some n > 2. Let X; ~ Pois(v/8 /n), so that § ~ Pois(+/8) and

P(Se{0,1})=e Vo(1+V8)>1-35.

Hence the assumptions of Lemma 2.2 are satisfied. Since for every k < n there is
-1
S, ~ Pois <” \/5> ,
n

we have P(S; = 0)/v/8 — oo and P(S; = 1)/v/8 — (n—1)/n as § — 0" which shows that the O(v/§)
bound cannot be improved. Also, for every k < n we have

1

2n2
as 6 — 0™. Hence, for § small enough, for every set A which is a union of two intervals of length 6/7
each, there is

P(X;=0)/8 o, PX;=1)/8 o, and P(X;=2)/6—

0
>
PO #4) 2 55

which proves the optimality of the O(J) bound.
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3 Proof of Theorem 1.1 (comparison of moments assumption)

We will now show how to use the facts from the previous paragraph to give a proof of Theorem 1.1.
Concentration bounds in terms of probability will be translated into statements about variances by the use
of a Paley—Zygmund type inequality. We need a few simple and standard lemmas.

Lemma 3.1 (Khinchine inequality). Let ry,72, ... be independent symmetric &1 random variables. There
exists a universal constant K such that for every ay, as, ..., a, € R there is

" 1/2
=
i=1

Proof. The estimate with the optimal constant k = /2 was proved by Szarek, [16] (see [8] for a simpler
proof). For the reader’s convenience we provide a well-known simple argument which yields k = v/3.
Let S = Y™, a;r;, so that ES? = Y7 | a?. Since

ES4—§CI?+6 Z a%a?ﬁ?;(ia?)(ia?):3(E52)27

ijl1<i<j<m i=1 j=1

K-E

m
) air
i=1

by Holder’s inequality we get

1/3 2/3
ESZ:E(\SI““-ISF”) < (BsY)" (®|s))*>? < 313 (Es2)* (Bs])*°.

Hence v/3E|S| > (E52)1/2 = (" az)l/z' -

i=14i
Lemma 3.2. Let Y1,Y2,...,Y,, be independent symmetric integrable random variables. Then

" 1/2
()"

i=1

K-E

m
Yy
i=1

where K is the universal constant from Lemma 3.1.

Proof. Let (r;)!" | be a sequence of independent symmetric +1 random variables, independent of (¥;)" ,,
so that (¥; - ;)" has the same distribution as (¥;)?" ,. Hence

m m m 1/2
:E‘ZYIFI =EE ZYiri Y17Y27'-'7Ym ZKﬁlJE(ZYiz) )
i=1 i=1 i=1

where we have used Lemma 3.1. O

m

Yy,

i=1

E

The following result may be traced back to the work of Marcinkiewicz and Zygmund [9] (see
Théoréme 2 therein).

Corollary 3.3. Let p > 1. Let Y1,Y»,...,Y,, be independent symmetric square-integrable random vari-
ables such that EY? < p - (E|Y;|)? for i <m. Set Z =Y, Yi. Then EZ? < k?p - (E|Z|)?, where k is the
universal constant from Lemma 3.1.
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Proof. Indeed, by Lemma 3.2 we have

m m 1/2
cElZl =B Y ¥ 2 E(Y v2) T =E|(nl vl )|,
i=1 i=1 2

m

- (LEmy)”

> H(E\m,E!Yz!,--.,EIYmD .
i=1

~1/2 (ZEY2> 2_ ~1/2. (IEZZ)I/Z,

where we have used Jensen’s inequality for the convex function y — [|y([s. O

Proof of Theorem 1.1. Obviously, by considering x 4 X instead of X; we may reduce our task to proving

that
I]?Silr:Var( Z X><K Var(‘ZXD

i<mi#k i<n

Let (X/)!_, be an independent copy of (X;)7_,. Let S=Y" X; and & =Y X/, so that §' is an
1ndependent copy of S. Note that random variables ¥; = X; — X! (i < n) are independent and symmetric.
By Jensen’s inequality,

ElY;| = EE(1X; - X{|| X;) > E[E(X; — X/ |X;)| = E[X; — EX;| = E|[X; — EX;|.

Since EY? = 2Var(X;), we have EY? < 27- (E|Y;|)? fori =1,2,...,n. Let € = 18x>7(Var(|S|))"/2, where
K is the universal constant from Lemma 3.1. Let 6 = K*4'F2/324, a=E|S|,andb=—a=—
consider two cases:

Case 1. Assume € < |a—b|/6. By Chebyshev’s inequality,
P(|S—a|<eor|S—b| <€) >1—Var(|S))e > =1-6,
so by Lemma 2.2 there exist ¢ € R and k < n such that
P(|S;—c| <2€) >1-2V5—28,
where g = Y <pizk Xi- Let Z =Y, Yio Let S) = ¥< 2. X, s0 that S is an independent copy of .

Obviously,
EZ? = E(S; — ;)% = 2Var(Sy) .

Note that

P(|Z| < 4e) =P(|S; — S| <4e) > P(|Sk —c| < 2e and |S), — c| < 2¢)
=P(|Sk—c| <2€)-P(|S, —c| <2€) > (1-2V5—-28)>>1-4V8,
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so that P(|Z| > 4€) < 4/8. Now we may apply a Paley—Zygmund type estimate:

ko2 (Var(Sy)) 2 = k7 (21)TVA(EZ2) 2 < E|Z| = BIZ|1 7240 + EIZ|1 754
1/2
< de+(EZ%)'/2. (P(|Z] > 4¢))'/? < de + (2Var(Sy) -4V :
2
= 72677 (Var(|$))) 2+ S 72 (Var(8)) "2

—we have used Corollary 3.3 (with m =n —1 and p = 27) in the first inequality, and the second one
follows from the Cauchy—Schwarz inequality. Obvious cancellations yield Var(S;) < (6k)°73 - Var(|S|).

Case 2. Ife>|a—Db|/6, then E|S| < 3e and

Var(S;) < Var(S) < ES? = Var(|S|) + (E|S|)?
< Var(|S|) +9&? = (1+2976Kk*1?) - Var(|S]) < (6%)°7° - Var(|S|)

because x,7 > 1. We have proved the theorem with K(7) = (6x)°73. O

Corollary 3.4. Let & be a square-integrable random variable which is not constant a. s., and let &,
&y,... beitsi.i. d. copies. Then there exists a constant K¢, depending only on distribution of &, such that
for any real numbers ay, as, ..., a, there is some k < n for which

Proof. Tt suffices to apply Theorem 1.1 with T = Var(&)/(E|£ — E&|)?. Setting Kz = K(7)/Var(&) ends
the proof. O

) a < K¢ -;gﬂgVarOx—i- Y ai&

i<mi#k i<n

4 Proof of Theorem 1.3 (symmetric variant)

Now we will prove an analogue of Theorem 1.1 for real symmetric random variables (but with no
constrains on moments). It is possible to do it in a similar way as in the proof of Theorem 1.1, i. e., by
using Lemma 2.2, but to get better estimates we will adopt another, more direct approach. We will need a
lemma.

Lemma 4.1. Let X and Y be independent square-integrable random variables, at least one of them
symmetric. Then

T4+V17
1 - Var

min <Var(X),Var(Y)> < (1X+7Y)|).

Proof. Obviously, E|X +Y|?> = EX? +EY? because EXY = EX -EY = 0. Since |X + Y| and |X — Y| have
the same distribution, there is

E[X+Y|= (EX +Y|+EX —Y|)/2=E(X +Y|+|X — Y|)/2 = Emax(|X|,|Y]).
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Hence
Var(|X +Y|) = E(X?>+7¥?) — (E|X +Y|)?
— B ((max(|X], ¥ )2 + (min(]X],|¥]))?) - (Emax([X], [¥]))?
= Var(max(|X|,|Y|)) + Var(min(|X|,|Y|)) + (Emin(|X|,|Y]))?

> 2 Var(‘max(|X],[¥]) +min([X|, [V]) ) + (Emin(|x],[¥))?

Var(|X|+[Y]) + (Emin(|X|,[Y]))?

N =N =

1 .
= 5 (Var(x]) + Var(|¥]) ) + (Emin(|X], [Y]))*
We have used the fact that for any square-integrable random variables V and W there is
2Var(V) +2Var(W) = Var(V +W) + Var(V —W) > Var(V +W).

Thus, for ¢ = (Var(|X 4+ Y))/? and s = Var(|X|) + Var(|¥|), we have s < 26 and

1\ /2
Emin(|X|,|Y]) < <62—2s> .
The identity a + b — 2min(a,b) = |a — b| yields a pointwise bound:
X |+ ¥ = 2min([X], [V]) = |1X] = |¥1]| < [EJX| - E}Y || +|(X] - EIX]) - (Y| - ElY])|
= E|X|+E|Y| - 2min(E|X |, E[¥]) + | (1X] - |¥ ) = E(X| - |¥])|
By taking expectations of both sides we arrive at

. . 1
min(E|X|,E|Y|) < Emin(X], [¥]) + 5 E| (1X| - [Y]) ~ E(X| - |Y])

. 1 1/2 , 112 1
< Emin(IX|,[¥])+ 5 (Var(x| = [Y))) < (07— 35) "+ 55,
where we have bounded the L' norm by the L norm and used the independence of |X| and |Y|. Therefore

min(Var(X), Var(Y)) < min(EX2,EY?) = min (Var(|x|) +(E[X))2, Var(]Y]) + (E|Y|)2)

3 1 \1/2
< s+ (min(E|X]EY])? < 02+ 5+ (0% — 25
3 T+V17
<o’+ sup (4—1—(02;_;2/2)1/2):%.62 =

1€[0,202]

Remark 4.2. An example of X with distribution
1 3 1
—& -
524 1ot 56

and +1 symmetric Y indicates that the constant (7++/17)/4 =~ 2.78 in Lemma 4.1 cannot be replaced
by any number less than 16/7 ~ 2.29.
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Proof. Proof of Theorem 1.3 We prove the theorem with C = (74 +/17)/2 ~ 5.56. For x € R let
Ei=x+Xj,and §=X;fori>2. Set S=Y",&. ForJ C{1,2,...,n} let Sy =Y,;&. LetIbea

minimal (in the sense of inclusion) subset of [n] = {1,2,...,n} such that
T+V17
Var(S;) > - 5 Var(s)

(if no subset satisfies this condition, then the assertion follows trivially). Obviously, I # 0. Choose any
k € I. Certainly,

T+17
- Var

Var(Sp (1) < (I0)-

Since Sy and Sj,)\; are independent and at least one of them is symmetric, Lemma 4.1 yields that

T++/17
min (Var(S,),Var(S[n}\,)> < +4 - Var(|S]),
so that
T+17
Var (S, ) < - Var(|S]).
Therefore
T+v17
Var( ) X,-) = Var(Sp () + Var(Sp, ) < - Var(|S]).

i<n:i#k

Thus we have proved that
T++/17
minVar( ) Xi) < + : ianar(‘x—i— Y X ) ) O
k<n i<n:i#k 2 x€R i<n

Remark 4.3. A simple example of n = 3 and X7, X5, X3 i.1. d. symmetric &1 random variables indicates
that the constant C in Theorem 1.3 cannot be less than 8/3 ~ 2.67 (it suffices to check it for x = 0).

5 Harmonic analysis on product spaces

Below, we introduce assumptions and notation which will be used throughout Section 5. This is a natural
and convenient setting for harmonic analysis on product spaces, e. g., on the discrete cube with the
uniform measure, in which case (7;)”_ is the standard Rademacher system. This language will allow us
to state FKIN type results on product spaces other than the discrete cube.

5.1 Assumptions and notation (A & N)

Let &, &, ..., & be independent random variables satisfying E& = 0 and EE? = 1 for all i < n. We
consider a Hilbert space L?> = L*(R", ), where y = He, & He, ® -+ @ U, 1s the joint distribution of the
random vector & = (§;,&,,...,&,). It will be convenient to set &y = 1, so that (&), is an orthonormal
system in L. Let A be the linear (finite-dimensional and thus closed) subspace of L? consisting of all
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affine real-valued functions on R”". We define coordinate projection functions 7; : R” — R by m;(x) = x;
for 1 <i<n,and my = 1. Let Ay = {mo, — 7y, T, —71,..., My, — 7, }. For a Boolean Borel (i.e., {—1,1}-
valued and such that the preimage of {1} is a Borel set) function f on R", by f : R" — R we will
denote its orthogonal projection in L? onto the subspace A:

n
falx) =ao+aixi+-+apx,, e, fa=) am,
i=0

where a; = (f, m;);>. We may and will use the same notation for a Borel Boolean function f defined only
on the support of i, since obviously it may be extended to a Borel Boolean function F' on the whole
R”", and F4 does not depend on the choice of the extension. Let us define the sign function in a slightly
non-standard way as 1jg ..) — 1(_.. ), to make the function Boolean (setting sign(0) = —1 would work

as well). Let p = dist;2(f, A) = infyeq || f — g||2 and d = dist2(f, Az) = infeen || f — g||12. Note that
d< \/2 because

If = w72+ If +mllz = 2017 +2ml| 7 =2+2 =4,

so that

min (|1 = mlzz,[|f + 112 ) < V2.

Obviously, p < || f/;2 = 1. Finally, let us define random variables S = f4 (&) and R = (f — f4)(&).

5.2 Symmetric case

We will start with a theorem which recovers and extends the main result of [4] with a quite good, explicit
constant.

Theorem 5.1. Under A & N, if &1,&,,...,&, are additionally symmetric, then there exists some k €
{0,1,...,n} such that

9O+V17
2 P

a>1—

Also,

17~ 172
p<d<@vINp, and d< ()0 ko(p)

as p — 0 (uniformly over Boolean functions).

Proof. Since |f| = 1, the triangle inequality yields a pointwise bound

L=l =Sl SUal ST+ = fal, ives [ISI=1] <RI,
so Var(|S|) = E(|S| — 1)* — (E|S| — 1)* <ER? = || f — fal|7, = p*. Let us consider independent random
variables (Xl-)?:0 given by X; = a;&; for 1 <i < n, and with X, being symmetric +ay random variable.

The sum |}, X;| has the same distribution (and thus the same variance) as |S|, so by using Theorem 1.3
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(strictly speaking, its reformulation for 7+ 1 instead of n summands) with x = O we infer that for some
ke {0,1,...,n} there is

T+V17
2

a? = Var( Y X,~> <

i€{0,1,...n\{k} i€{0,1,...n\{k}
Since by orthogonality we have

.pz'

Y ai = falli: =11fI7 = If = fallza = 1-p?,
i=0

this ends the proof of the first assertion.
The inequality p < d follows immediately from A, C A. Observe that

d* < ||f —sign(ae)m| 72 = [1F1172 + Imell72 — 2sign(an) (f 7e) 2
= 1+ 1 —2sign(a)a; =2(1 — |ax]) =2(1 —ad) /(1 +|a]) < (9+V17)p? /(1 + |a]) .
Thus
1/2
d< (9+\/17) .
The remaining assertion also follows easily because the first assertion implies |a;| > 1 — O(p?), so that

9+v17
2 P

Corollary 5.2. Under assumptions of Theorem 5.1 (A & N, and &y, &, ..., &, are symmetric) there is
some k € {0,1,...,n} such that

d* < +0(p?). O

1/2
min (Hf— (signo m)|| 2, Hf+(signo7tk)||Lz> <2d < 2(9+m> -p.

Proof. Let k be such that || f — m||;2 = d (or, alternatively, such that || f + m||;2 = d). Note that for any
s€{—1,1} and u € R there is |s — u| > |sign(u) — u| (and |s + u| > |sign(u) — u|). Hence |f — m| >
|(signo m) — m| (and |f + 7| > |(signo @) — m|) pointwise, so that ||(signo m) — m|[;2 < d. The
assertion follows by the triangle inequality. O

Now let us see how to strengthen the result of Friedgut, Kalai and Naor. For a function f defined
on the discrete cube {—1,1}" we consider its standard Walsh-Fourier expansion Y, f(A)w4, where

wa(x) = [Tica Xi-

Theorem 5.3. There exists a universal constant L > 0 with the following property. For f : {—1,1}" —

{—1,1}, let )
. 1/2
p=( L 1fwP)"

AC[n]:|A|>2
Then there exists some B C [n] with |B| < 1 such that

Y  1fA)P <L-p*In2/p)

AC[n)A|<1.A#B

and |f(B)* > 1—p?—L-p*In(2/p).
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Proof. Let &y, &, ..., &, be independent symmetric +1 random variables, so that the definition of p is
consistent with the one from A & N. We also have a; = (f,m;);» = f({i}) for i € [n], and ag = f(0). Let
us put

9= (410g2(2/a’) - 1)71.

Because d < v/2, always 6 € (0, 1].

Letk € {0,1,...,n} be such that d = || f — m|| ;2 (if the point of A closest to f is of the form —my,
then a similar reasoning works). Hence d = || f[|Z, + ||7[|Z, — 2{f, )2 = 2(1 — ax). Since h = f — m;
is a {—2,0,2}-valued function, we get

Pu(h#0) =p({xe{-1,1}": h(x) #0}) = %thliz = (d/2)*.
Therefore

4

& 2= 4/ —a(Buh £0)) 7 = s S F M- lh(a)P

ACIn|
d4
>6- Y lhaP=6-(1-a)+ Y a)=6(3+ ¥ )
ACn]:|AI<1 i€{0,1,....n}\{k} i€{0,1,...,n}\{k}
so that
a? < (2071 —1)d*/4 < 2d*log, (2/d). 5.1

i{0,1,.. 1)\ {k}

B-B
The inequality > is the classical L2+ hypercontractive Bonami—Beckner estimate ([2], [1]). Now

we have

1

” d*\2 d>\2? 1
ad=(1-=) + ad<(1—=) +-267"'-1)d*
yi=(-%)+ I as0-3) g

1
=1-d*+ 59—1014 < 1—d*+2d*log,(2/d)

and thus (recall that [f| =1, s0 Y4c |y £ (4> = 1f]7. = 1) we get

pP= Y |fAP=1-Y & >d*-2d"log(2/d). (5.2)
AC|n]:|A|>2 i=0

We finish the proof by observing that (5.1) and (5.2) yield

2
a; <2d*log,(2/d) < 2(p2 +2d410g2(2/d)) log,(2/d)
ic{0,1,n\ [k}

<2(p? + 24 1og;(2/p)) 0m(2/p) = 2p* 108 (2/p) + 0(p”) .

uniformly, as p — 0. We have used the d = O(p) bound of Theorem 5.1.
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For p < 1/3, by Theorem 5.1 we have

d< (9+ ﬁ)l/z <2e 112

1
-3
and we may choose

9:(4111(2/d)—1)_1 instead of <4log2(2/d)—1>_1

which yields, essentially with the same proof, a slightly better (asymptotically) bound of ep*In(2/p) +
o(p>)asp — 0F. O

Remark 5.4. The bound O(p*In(2/p)) in Theorem 5.3 is better than O(p?) obtained in [4] and p? +
0(p2) of [6] (see also Corollary 15.2 of [5]). Also, it is of the optimal order. Indeed, for 2 <m <n
consider the negated OR function

flx)y=1- o ﬁ(l +x;).

Then p < 2-27"/2, so that p*log,(2/p) < 8m-4~", whereas |f(A)|> > 4 -4~ for every one-element
set A contained in {1,2,...,m}.

5.3 Absolute first moment assumption

Without the symmetry assumption we cannot hope to get the same assertion as in Theorem 5.1—if
n=1,P& =-2)=1/5P( =1/2)=4/5 and f(x) = (3+4x)/5, then f € A\ A even though f
is Boolean. However, under an additional moment assumption, we still may prove that any Boolean
function which is close in L? to A must be also at a comparable L>-distance from an affine function of a
single coordinate.

Theorem 5.5. There exists a function C : (0,00) — (0,00) with the following property. Under A
& N, let n = min;c, E|§;|. Then there is some k € [n] such that | f — (a0 + axm)| 2 < C(n)p and
1f = sign(ao+ axm )| 2 < 2C(1)p-

Proof. As in the proof of Theorem 5.1 we observe first that Var(|S|) < p?, where S = ap + Y-, a;&;. By
Theorem 1.1 there is some k € [n] such that ¥jc )\ 1) a? < K(n=2)p?. Thus

2
< (1+K(n?)p?

L2

Z a; T

i€[n]\{k}

If = (a0 +axm) |7 = IIf = fallz2 +

which proves the first assertion with C(1) = y/1+ K(n~2). The second assertion follows from the first
one in the same way in which Corollary 5.2 follows from Theorem 5.1. 0
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5.4 General case

We will need two auxiliary lemmas.

Lemma 5.6. Let X and Y be independent square-integrable random variables. Assume E(|X +Y|—1)% <
p? for some p € [0,1]. Then Var(X) < 25p or Var(Y) < 25p.

Proof. Let (X',Y') be an independent copy of the pair (X,Y). For a square-integrable random variable
Zlet ||Z||, = (IEZZ)UZ. Also, let us define ¢ : R — {—2,0,2} by ¢(u) =2 for u > 1, ¢ (u) = —2 for
u < —1, and ¢ (u) = 0 otherwise. Note that |u — ¢ (u)| = dist(u,{—2,0,2}) for any u € R. Finally, let

a=PX-X'>1)=PX—-X'<—-1) and B=PY-Y' >1)=P¥-Y' <-1).

By the assumptions of the lemma we have ||dist(X +Y,{—1,1})||» < p. Since X +Y and X' +Y have
the same distribution, we obtain ||dist(X"+Y,{—1,1})||2 < p. Thus the pointwise bound

dist(X — X', {—2,0,2}) < dist(X + Y, {—1,1}) +dist(X' +Y,{—1,1})

implies
I(X =X') = ¢(X = X") [ = [|dist(X — X', {-2,0,2})[2 < 2p. (5.3)

In a similar way we prove that
I =¥ = (¥ —¥")|l2 = [[dist(¥ —¥', {~2,0,2})[12 < 2p. (5.4)
The pointwise bound
dist(X +Y — X' =Y’ {-2,0,2}) < dist(X +Y,{—1,1}) +dist(X" +Y', {—1,1})

implies ||dist (X —X')+ (Y —Y'),{—2,0,2})||, < 2p. Hence by (5.3), (5.4), and the triangle inequality
we obtain
[dist (0(X —X")+ o (Y —Y'),{-2,0,2})||, <2p+2p+2p =6p,

so that |
aﬁ < ZEdlStz((I)(x —X/) + ¢(Y - Y/), {_27072})1X7X’,Y7Y’>1 < 9[)2 . (5.5)

Assume Var(X), Var(Y) > 25p, so that ||X — X'[|2,||Y —Y'|| > 7,/p. Then by (5.3) we have
230 = [§(X ~X') |2 > Ty/P—2p > 5,

so that o > 3p. In a similar way from (5.4) we get 8 > 3p, and therefore a8 > 9p?2, which contradicts
(5.5). O

Lemma 5.7. Let X,,Xa,...,X, be independent square-integrable random variables and let S =Y}, X;.
Assume E(|S| —1)% < p? for some p € [0, 1]. Then there exists some k € [n] such that Var(S — X;) < 50p.

THEORY OF COMPUTING, Volume 11 (18), 2015, pp. 445469 459


http://dx.doi.org/10.4086/toc

JACEK JENDREJ, KRZYSZTOF OLESZKIEWICZ AND JAKUB O. WOJTASZCZYK

Proof. Lemma 5.7 follows from Lemma 5.6 in a way similar to that in which we have deduced Theo-
rem 1.3 from Lemma 4.1: we look for a minimal / C [n] = {1,2,...,n} such that Var(},c; X;) > 25p,
then we choose any k € I and from Lemma 5.6 we infer that Var (Zie[n]\IX,-) < 25p. By the minimality
of I there is also Var (Zie I\{k} X,-) < 25p, which ends the proof. O

Now we may finally state a result which does not use any additional properties of the marginal
distributions.

Theorem 5.8. Under A & N, there exists some k € [n] such that
1f = (a0 +axme)|| 2 < 8y/p  and || f —sign(ao + axm)|| 2 < 161/p .
Proof. Let X; = a;§; fori € [n], so that S = ap+ Y.}, X;. Then
E(IS|=1)? = lIfal = UIE < I = fallf = p?
because of the pointwise inequality || f4]| — 1| < |f — fa|- Lemma 5.7 easily implies that there is some

ke [I’l] such that ZIE[VL]\{]{} al-z < 50p. Thus

2
L, <P +50p <64p

If = (@o+am)f = I = falfa+| ¥ am
ic[n]\{k}

(recall that p is always in [0, 1] under A & N), which proves the first assertion. The second assertion of the
theorem follows from the first one in the same way in which Corollary 5.2 follows from Theorem 5.1. [J

Under A & N, let n =2 and P(§; = \/B/at) = a, P(&§ = —\/a/B) = B for i € {1,2}, where
o€ (0,1)and B =1—a. Then f —/af&;’s are {0, 1 }-valued random variables, so that f(x) given by

28—V apx)(B—aPx)— 1= (26> —1) =287 (x +x2) + 2afx1xs

is a Boolean function on {—+/a /B, /B/a}? equipped with the measure He, @ Ug,. A simple analysis
shows that p = dist;2(f,A) = 28 while the L?-distance from f to any function of a single coordinate

is not less that 2%2a!/2 = @(p'/2) as o« — 0T (and, consequently, B — 1~ and p — 07). Thus the
O(+/P) general bound of Theorem 5.8 cannot be improved even on two-dimensional biased discrete cube.
On the other hand, some FKN-type bounds were obtained in [6] and [5] for the biased discrete cube of
arbitrary dimension, in terms of the bias parameter. The approach used in the proof of Theorem 5.3 can
be effectively adapted to the case of the biased discrete cube if the Bonami—Beckner estimate is replaced
by the hypercontractive bounds of [12], see [10].

5.5 Boolean versus bounded

It is natural to look for an analogue of the FKN theorem for [—1, 1]-valued functions; however, there is
no hope for estimates as good as in the Boolean case. Recall that the FKN theorem states that a Boolean
function on the discrete cube (equipped with the uniform measure) which is close in L? to A must be be
also at a comparable L?-distance from a function which is both Boolean and affine (i. e., some function
from Ajy).
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Let A[_; ;) denote the set of [—1, 1]-valued affine functions on the cube:

Ay = {Z;,)biﬂi; ;)\bi! < 1}-

Let y(tr) =1fort > 1, y(t) = —1fort < —1, and y(t) =1 fort € [—1, 1], and let us define functions
fog:{-1,1}" —Rbyg(x) =s'n"1/2Y" x; and f(x) = y(g(x)) for some positive parameter s. Note
that

. 20 e Nyl 12 N2
dist A > inf —b;
18172 (g7 [ 1,1]) _Z|1bl,~l|§11~§i(s n )

n
> inf s2nl C 25y 2y > 2 g 112
> it R ) >

and dist;» (g, A_1,1)) < [lg —0[|2 = 571, so that lim,,_,. dist;> (&A1) = s~1. Thus for the [—1,1]-
valued function f there is

lim diSth(f,.A) < lgn Hf—g||L2 = \/E(‘S_1G| _ 1)21‘6‘25 _ 0(6752/4)

n—oo

as s — oo, where G denotes the standard N'(0, 1) Gaussian variable, while we have only

distz2 (f, Aj-1.1)) 2 distz2 (g, A-11)) — |f — 8ll2,

30 that limy,_,. dist;2 (f, A1 1)) = O(s ') as s — eo.

The above example, demonstrating the gap between O(C*XZ/ 4)and O(s~!), is as bad as it gets—in [10]
Nayar proved that for s > 0 and every function f: {—1,1}" — [—1,1] with dist,2(f,.A) = e /% we
have dist;2 (f, A1) <365

6 Banach space setting

The main result of this section, Theorem 6.10, is an advanced extension of Lemma 2.2. To prove it, we
will need to develop some new tools.

In what follows, (V, || - ||) denotes a separable real Banach space, its continuous dual space (of bounded
linear functionals on V) is denoted by V', and + stands for Minkowski addition. By dist we will mean
the distance in the norm || - ||. Readers unfamiliar with Banach spaces may find it convenient to assume
additionally that V is a finite-dimensional normed vector space and think about Euclidean spaces instead
of Hilbert spaces.

For a finite A C V, positive A, €, 6 and a V-valued random vector X we will say that:

* Ais A-separated if either |A| > 2 and for any two distinct x,y € A there is [[x—y|| > A, or |A| = 1; we
define the separation constant of A by A(A) = min{||x—y||;x,y € A and x # y}. Clearly, A(A) = oo
if |A| = 1;
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* X is (g,8)-close to A if P(dist(X,A) > €) < J;
* X is (&,0)-present around A if there is P(||X —a|| < &) > 0 for every a € A.

Note that if X is (€, 0)-close to A, then it is (&, §)-close to any finite set B containing A. Similarly, if X is
(g,0)-present around A, then it is (&, 8)-present around any finite set B contained in A.
We need some simple lemmas. The first of them is obvious.

Lemma 6.1. Let X be a V-valued random vector which is (€,8)-close to some nonempty finite A CV
with some € > 0 and & € [0, 1]. Then there is some a € A such that P(||X —a|| <€) > (1—-20)/|A|.

Lemma 6.2. Let A,B CV be finite and A-separated for some A > 0 and assume that X is a V-valued
random vector which is both (&, 8)-close to A and (€, 8)-present around B for some 8 > 0 and €;,& >0
such that €, + & < A/2. Then |B| < |A|.

Proof. Let b € B. Since P(||X —b|| < &) > 6 and P(dist(X,A) > &) < J there is P(||X —b| <
& and dist(X,A) < g) > 0, so that dist(b,A) < & + &. Note that there is only one a;, € A such that
|b—ap|| < €1 + & because we assume that A is A-separated and € + & < A/2. For a similar reason (B
is also A-separated), the mapping b — a;, is injective. This ends the proof. O

Lemma 6.3. Let X;,X>,...,X,, be independent V-valued random vectors and let S = Y | X;. Assume
that S is (&,0)-close to a nonempty finite A C'V for some €,8 > 0. Then there exist vectors vy, va,...,
Vi €V such that X; is (€,0)-close to v+ A for every i € [m].

Proof. This follows from the Fubini theorem (see the beginning of the proof of Lemma 2.1). O

Lemma 6.4. Let A > 0 and let A and B be finite A-separated subsets of V with |A|,|B| > 2. Then there
exists some C CA+B = {a+b;a € A,b € B} with |C| > max(|A|,|B|) which is also A-separated.

Proof. Without loss of generality we may assume that |[A| > |B|. Let b and b’ be arbitrary distinct elements
of B. Let ¢ € V' be such that ||@||y» = 1 and @(b' — b) = ||b’ — b|| (the existence of such a functional is
guaranteed by the Hahn-Banach theorem). Finally, let @ = argmax,., ¢ (a) (any maximizer will do if
there is more than one). Then C = (A +b) U {a+ b'} has more elements than A and is A-separated. These
two facts follow since, for a € A,

l(@a+b") = (a+b)| = @(a+b' —a—b)=(a) - p(a)+ @b —b) = [[b'~b]| = A. O
By an obvious induction we obtain the following corollary.

Corollary 6.5. Let A> 0 and let Ay, ... A, be A-separated finite subsets of V with |A;| > 2 for i € [ml].
Then there exists some C C Ay +Ap+ -+ Ay, with |C| > m which is also A-separated.

The next corollary easily follows (we leave it as an exercise).

Corollary 6.6. Ler Agy,...,&,,61,...,0, >0 and let Ay,...,A,, be A-separated finite subsets of V
with |A;| > 2 for i € [m]. Assume that X,...,Xy are independent V-valued random vectors and X; is
(&, 0;)-present around A; for all i € [m]. Then there exists some A-separated set C C A+ -+ A, with
|C| > m such that Y| X; is (X7, &, T/, 8)-present around C.
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Lemma 6.7. Let A > 0 and let A and B be finite A-separated subsets of a Hilbert space H. Then there
exists some C C A+ B with |C| > |A| + |B| — 1 which is also A-separated.

Proof. Without loss of generality we may assume that 0 € A. Let A = {0, uy,...,up,} and B={vy,...,v,}.
For u € H let b(u) = argmax, g (u,v) (any choice will do if there is more than one maximizer). Then we
can just take C = {v1,...,vp,u1 +b(u1),... Uy +b(un)}. Obviously, C C A+ B. By definition of b(u;)
for any i € [n] and j € [m] we have (u;,b(u;)) > (uj,v;), so that
laj et + D (ut) = vill = o+ bug) = vi) = (wj,u) = [l

and therefore ||(uj+b(u;)) —vil| > ||lu;l| > A.

Similarly, for any distinct j, /' € [m] we have (uj,b(u;)) > (uj,b(uy)) and (ujy,b(ujy)) > (u;,b(u;)),
so that (uj —ujr,b(u;) —b(uj)) > 0. Hence

(Juej = wje [+ D)) = (ujr +b(up)) | = (uj—wjesuj—up +buj) —b(uy))
> (uj—ujuj—uy) = [luj —up|?

and thus [|(u; +b(u;)) = (uj +bup))l| = |uj —uyll = A. O

Again, an obvious induction yields the following corollary.

Corollary 6.8. Let A >0andAy,...,A,, be nonempty, A-separated and finite subsets of a Hilbert space.
Then there exists some A-separated C C A1+ ---+ A, with |C| > Y7 (|Ai] = 1).

The next corollary easily follows (we also leave it as an exercise).

Corollary 6.9. Ler A,€,...,&,,01,...,0, > 0 and let Ay,...,A,, be finite A-separated subsets of a
Hilbert space H. Assume that Xy, ..., X, are independent H-valued random vectors and X; is (&;,6;)-
present around A; for all i € [m]. Then there exists some A-separated set C C Ay + ---+ Ay, with
IC| > Y7 (JAi| = 1) such that ¥ X; is (X7, &,]1, 8)-present around C.

Now we are in position to prove a structural theorem.

Theorem 6.10. Let A be a finite subset of V with |A| > 2. Let € and 8§ be positive numbers satisfying

A(A) _

e<———— and &<I|AI7W.

2(|Al+1) <Al

Assume that &, ..., &, are independent V -valued random vectors such that S =Y, &; is (€,0)-close to

A. ForI C [n] let S; = Y ;c; &i. Then there exists a nonnegative integer k < |A| and {i,...,ix} C [n] such
that

Al
P (Sp iy — vl < Ale) = (1 -8 - (4] = 1§'/M)
for some v € V. Consequently,
P (1Spfiv,..i — vl > 1Ale) < JAJ(JA] = 1)8"/M 148 < a8/,

Moreover, if V is a Hilbert space and k > O, then there are vectors vi,...,vy € V and nonempty sets
By,...,By CAwithY* | (|B)|—1) < |A| such that &; is (g,]A|8'/%)-close, and thus also (g,]A|§"/(AI=1)-
close, to v; + By for every | € [k].
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Proof. We will call I C [n] relevant if there exist some two points x,y € V such that ||x —y|| > A(A),
P(||S; —x|| < &) > 8"/l and P(||S; —y|| < &) > §'/1Al. Since &€ < A(A)/2, all relevant sets are nonempty.
We will inductively construct a sequence of relevant sets Iy, /, . ... Let I} be a minimal (in the sense of
inclusion) relevant subset of [n]—any minimizer will do if there is more than one. Then, having defined
I,...,I, we choose for I, a minimal relevant subset of [n]\ ;_; /;. We end up with a collection of
pairwise disjoint relevant sets Iy, ..., I, and we know that J = [n] \ UX_, I; does not contain any relevant
set and thus is not relevant.
Let us assume for a while that k > |A|. By expressing S as

A
LS |+ S

and using Lemma 6.3 (with m = 2) we deduce that Z‘li‘l Sy, is (g, 6)-close to some shift of A, i.e., to a
A(A)-separated set of cardinality |A|. On the other hand, I;’s are relevant so that S;,’s are (&, §'/1!)-present

around some A-separated sets of cardinality greater than 1. Thus, by Corollary 6.6 the sum )ji‘l Sy, 1s
(|Ale, 6)-present around some A(A)-separated set of cardinality greater than |A| and hence Lemma 6.2
(used for &, = |A|¢€) implies that |A| < |A|. This contradiction proves that k < |A|.

Select arbitrary i; €11, ...,ix € Iy. The way in which we chose I;’s guarantees that sets [; \ {i1 }, ..., [y \
{ix} are not relevant. By expressing S as Sy + Sy (i} + -+ + S,y + &y + -+ + &, and using again
Lemma 6.3 (now with m = 2k + 1) we prove that there exist vectors w,wy,...,Wg,vy,..., Vv such that
Sy is (&,0)-close to w+A and Sy, ;, is (¢, 8)-close to w; +A, and &, is (€, 8)-close to v; +A for every
[ € [k]. On the other hand, [; \ {i;}’s are not relevant and the shifts of A are A(A)-separated, so that for
each [ € [k] there exists at most one a; € A such that P (|| i —wi —al|| <€) > 5!/l Thus

P (|1 iy — i t+an)|| > &) < (14| =181 +8

for all / € [k] and similarly we prove that there exists some a € A such that

P(IS;— (w+a)l| > &) < (JA] - 1)8"H +§.

1A k1
P (1St vl < (k1)) > (1= (14] =184 5)
and the first assertion of the theorem easily follows from k < |A|. Note that § < |A|~1| implies (|A| —
1)1 4§ < 1.
Now let us additionally assume that kK > 0 and V is a Hilbert space. For [ € [k] let

B = {aeA:P(H@,—(aﬂ,)u <e)> 31/k}.

Note that § < |A|~MI implies (1 — &)/|A| > §'/(4I=1) > §1/k 5o that by Lemma 6.1 we have B; # 0. We
also easily see that & is (&, + (JA| — 1)8'/%)-close and thus also (&, |A|8'/¥)-close to v; + B;. Since & is
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(g,8"/UAI=1)_present around v; + B; for every [ € [k], by Corollary 6.9 the sum Y'¥_, &, is (ke, 8¥/(4I=1).
present, and thus also ((|A| — 1), §)-present around some A(A)-separate C C By +--- + By + Y5_, v,
with |C| > Y%, (|B;| — 1). From Lemma 6.2 used for & = (JA| — 1)& we get |A| > |C| which ends the
proof. O

Remark 6.11. Interestingly, only a slightly worse quantitative description of the structure of random
variables &;’s is possible also without assuming that V is a Hilbert space—we will briefly sketch the
argument. First replace &;, by

Y= ZA 1je,(va)<e - (1 +a).
ac

Note that ¥;’s are independent again and P(||§;, —Y;|| > €) < 8. Now observe that all ¥;’s take values in a
finite-dimensional space W which is a linear span of the set A and vectors v;’s. Thus dim(W) < |A| +k <
2|A|. Now it suffices to recall the classical theorem of F. John which states that the Banach-Mazur distance
to lév of any N-dimensional Banach space is not greater than v/N, deal with ¥;’s in an appropriate Hilbert
space as before, and then transfer the obtained bounds back to the Banach space setting.

We finish by posing a problem which we were not able to solve.

Question 6.12. Is Lemma 6.7 valid in an arbitrary Banach (not only Hilbert) space?

7 Addendum

Most of the results and proofs contained in the present paper were presented at several conferences
and seminars, including the second-named author’s lecture at the Analysis of Boolean Functions: New
Directions and Applications Simons Symposium, February 5-11, 2012. During the second-named
author’s Fall 2013 visit to UC Berkeley’s Simons Institute for the Theory of Computing, he learned of
new results obtained independently by Aviad Rubinstein and Shmuel (Muli) Safra: Rubinstein’s MSc
thesis [13], written under the supervision of Safra, and their joint research paper [14]. Let us briefly
explain how their results relate to ours. We will need the following estimates.

Lemma 7.1. Let X andY be independent square-integrable real random variables such that Var(X +Y) >
0. Assume that, for some p € [0,1], E(|]X +Y|—1)?> < p% Then Var(X) < 800p%/Var(X +Y) or
Var(Y) < 800p2/Var(X +7).

Proof. Let us adapt the proof of Lemma 5.6. Using the same notation as there, let us also set 0 =
\/Var(X +7Y). Since Var(X) 4 Var(Y) = o2, without loss of generality we may and will assume that
Var(X) > 62 /2. Now it suffices to show that Var(Y) < 800p?c 2.

Indeed, if 0 < 6,/p, then

Var(Y) = 62 — Var(X) < 62/2 < 6*p*07%/2 < 800p*c 2.

If, on the other hand, 6 > 6,/p > 6p, then by (5.3) we have
2
220 = [9(X ~X')|2 = X~ X~ 2p = \/2Var(X) ~2p > 0~ 2p = o,
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so that o > 62/18. Thus, by (5.5), B < 9p?/a < 162p>c 2. Since, by (5.4),
2Var(Y) = ||Y = Y'|l2 <2p+ (|9 (Y =) |2 =2p +21/28,

we arrive at
2Var(Y) < 2p+36pc ! <40pc!,

the last inequality following from the fact that
o< |X+Y])< 1+H|X+Y|—1H2 <l+p<2.

Therefore, Var(Y) < 800p?c~2, and the proof is finished. O

Lemma 7.2. Let X|, X», ..., X, be independent square-integrable random variables and let S =Y, X;.
Assume that E(|S| —1)* < p? for some p € [0, 1], and that Var(S) > 0. Then there exists some k € [n]
such that Var(S — X;) < 1600p2/Var(S).

Proof. Lemma 7.2 can be deduced from Lemma 7.1 in the same way in which Lemma 5.7 follows from
Lemma 5.6. O

Now we are in position to state the following refinement of Theorem 5.8—note that in the case
Var(f) < p the bound of Theorem 5.8 is trivial since always

1f = a0 = aimel] > < [If = a0 o = V/Var(7).
while for Var(f) > p we have p/+/Var(f) < \/p.
Corollary 7.3. Under A & N (see Subsection 5.1), there is some k € [n] such that
1f = (a0 + arm)|l2 < 41p/+/Var(f), and ||f —sign(ao +axm)||2 < 82p/+/ Var(f).
Proof. Just as in the proof of Theorem 5.8, we arrive at

2
]

i€[n]\{k}
< p?+1600p?/Var(S) < 1601p? /Var(S),

If = (a0 +axm) 72 = I|f = fallz2 +

where we have used Lemma 7.2 and the fact that Var(S) = ¥, a? < 1. The second assertion of the
corollary follows from the first one in the same way in which Corollary 5.2 follows from Theorem 5.1. [J

The above corollary should be compared to the main result of Rubinstein’s MSc thesis, [13, Corol-
lary 10]. Note that the setting introduced in Subsection 5.1 is slightly incompatible with Rubinstein’s
“pair-wise disjoint subsets of the inputs”—one would need to consider the product measure ( on a more
abstract probability space than just R” to recover [13, Corollary 10] as a special case of Corollary 7.3.
Still, [13, Corollary 10] may be easily deduced from Lemma 7.2 by an obvious modification of the proof
of Corollary 7.3, in which a;7;’s should be replaced by Rubinstein’s restrictions f;’s and ag turned into

f(0).
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